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1. Introduction

When traders come to a market with different information about the items to be traded, the resulting

market prices may reveal to some traders information originally available only to others. The possibility

for such inferences rests upon traders having expectations of how equilibrium prices are related to initial

information. This endogenous relationship was considered by Radner in his seminal paper [26], where he in-

troduced the concept of a rational expectations equilibrium by imposing on agents the Bayesian (subjective

expected utility) decision doctrine. Under the Bayesian decision making, agents maximize their subjective

expected utilities conditioned on their own private information and also on the information that the equi-

librium prices generate. The resulting equilibrium allocations are measurable with respect to the private
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information of each individual and also with respect to the information the equilibrium prices generate and
clear the market for every state of nature. In papers [1,2,26], conditions on the existence of a Bayesian ratio-
nal expectations equilibrium (REE) were studied and some generic existence results were proved. However,
Kreps [22] provided an example that shows that a Bayesian REE may not exist universally. In addition, a
Bayesian REE may fail to be fully Pareto optimal and incentive compatible and may not be implementable
as a perfect Bayesian equilibrium of an extensive form game, refer to [15] for more details.

It was pointed out in [21] that the market hypothesis fails if the space of states of nature is of a dimension
higher than that of the price simplex. Thus, in generic existence theorems of Allen [1,2] and Radner [26],
the assumption on the space of states of nature being finite or of sufficiently low dimension relative to the
dimension of price simplex is essential. However, it was shown in [20] that if the space of states of nature is
of a dimension strictly higher than that of the price simplex, then for a residual set of economies there is a
rational expectations equilibrium which is given by a two-to-one and almost discontinuous price function.
When the dimensions of both spaces coincide, as mentioned in [3], the existence of an equilibrium fails in
finite economies. If the space of agents is a unit interval consisting of imperfectly and perfectly informed
agents, under the hypothesis of suitably disperse forecasts, it was shown in [3] that for each state of nature
the aggregate excess demand is continuous on the price simplex and satisfies Walras’ law. This fact allowed
Allen to apply a fixed point theorem to obtain the market clearing price vector for each state of nature
and obtain the existence of an e-rational expectations equilibrium for all € > 0. The convergence as € — 0
holds for some cases in which open counterexamples to the existence of rational expectations equilibria
are known. In the same year, Allen [4] also considered two types of agents (informed and uninformed) and
prices carried only incomplete information, when prices conveyed some information from informed agents
to uninformed agents. By applying a fixed point theorem, she obtained a new approximate non-revealing
rational expectations equilibrium in the sense that the total discrepancy between demand and supply is
small. Allen [5] further showed the existence of a rational expectations equilibrium with (strong) e-market
clearing in the sense that the discrepancy between demand and supply is zero for all but one commodity
for which the value can be made arbitrarily small.

In a recent paper [13], de Castro et al. introduced a new notion of REE by a careful examination of
Kreps’ example of the nonexistence of a Bayesian REE. In this formulation, the Bayesian decision making
adopted in the papers of [1] and [26] was abandoned and replaced by the maximin expected utility (MEU)
(see [14]).% In this new setup, agents maximize their MEU conditioned on their own private information and
also on the information the equilibrium prices have generated. Contrary to a Bayesian REE, the resulting
maximin REE may not be measurable with respect to the private information of each individual or the
information that the equilibrium prices generate.

Although Bayesian REE and maximin REE coincide in some special cases (e.g., fully revealing Bayesian
REE and maximin REE), these two concepts are in general not equivalent. Nonetheless, the introduction
of the MEU into the general equilibrium modeling enables de Castro et al. to prove that a maximin REE
exists universally under the standard continuity and concavity assumptions on the utility functions of
agents. Furthermore, they showed that a maximin REE is incentive compatible and efficient. Note that in
the economic model considered in [13], it is assumed that there are finitely many states of nature and finitely
many agents, and the commodity space is finite-dimensional. Thus, one of open questions is whether their
existence theorem can be extended to more general cases. The main motivation of this paper is to tackle this
question. We study a general economic model of a pure exchange differential information economy whose
space of states of nature is a complete probability measure space, and whose space of agents is a finite
measure space. Under appropriate and standard assumptions on agents’ characteristics, the existence of a
maximin rational expectations equilibrium (maximin REE) in this general economic model is established.
To prove our existence result, instead of applying the approaches used in [1,2,26], we modify and extend

2 For some recent applications of the MEU approach to the best choice problem, see [10].
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Aumann’s approach in [8] for a deterministic economic model to our economic model. One of the key
ingredients in this approach is the concept of aggregate preferred correspondence.

This paper is organized as follows. In Section 2, mathematical preliminaries and key facts used in this
paper are presented. The economic model and assumptions are introduced and explained in Section 3. In
Section 4, we modify and extend Aumann’s concept of agents’ aggregate preferred correspondence to our
model. We establish some results on continuity and measurability of the aggregate preferred correspondence.
The main results in this section are new and different from those of Aumann in [8] for deterministic economic
model, since our model is a differential information economy and we also drop Aumann’s assumption on
the existence of an assignment that commodity-wise saturates each agent’s desire. Moreover, these results
are also key techniques for us to prove the existence of a maximin rational expectations equilibrium of
the economic model in Section 5. Finally, in Section 6, results and techniques appeared in this paper are
compared with relevant results in the literature.

2. Mathematical preliminaries

Let G be a non-empty set. On (-dimensional Euclidean space R, two different but equivalent norms
| - llsc and || - ||1 are used in this paper, where

[2)oo = max{|z;|: 1<i< ¢} and |z = Z |z

1<i<e

for each point = = (21, 2,...,7,) € R, A correspondence F : G = R from G to R assigns to each z € G
a subset F(z) of R’. Meanwhile, F' can also be viewed as a function F : G — QRE, where 28 denotes the
power set of RY. Further, F is called non-empty valued (resp. closed-valued, compact-valued, convez-valued)
if F'(x) is a non-empty (resp. closed, compact, convex) subset of R for all z € G. The graph of F, denoted
by Grp, is defined by

Grp = {(z,y) € G xR%: ye F(x) and z € G}.

For z € R and A € 2F' \ {0}, define dist(z, A) = inf{d(z,y): y € A}, where d is the Euclidean metric
on RY. Let #,(R?) be the family of non-empty compact subsets of Rf. Recall that the Hausdorff metric H
on %, (R?) is defined such that for any two A, B € #,(R?),

H(A,B) = max{ Slelg dist(a, B), ilelg dist(b, A)}

For equivalent definitions of H, refer to [6]. The Hausdorff metric topology Tx on #(RY) is the topology
generated by H. For a closed subset M of R®, #,(M) and the Hausdorff metric H on #o(M) can be defined
similarly. If G is a topological space, a non-empty compact-valued correspondence F : G = R’ is called
Hausdorff continuous if F : G — (5 (RY), J4r) is continuous. This statement still holds when R’ is replaced
with a closed subset M of Rf.

Let {A,: n > 1} be a sequence of non-empty subsets of R*. A point 2 € R’ is called a limit point of
{A,: n>1} 1f there exist N > 1 and =, € A, for each n > N such that {z,: n > N} converges to z. The
set of limit points of {A,: n > 1} is denoted by Li A,,. Similarly, a point 2 € R’ is called a cluster point of
{A,: n > 1} if there exist positive integers n; < ng < --- and for each k an x € A, such that {z;: k> 1}
converges to z. The set of cluster points of {A4,: n > 1} is denoted by Ls A,,. It is clear that Li A,, C Ls A,,
and both Ls A,, and Li A,, are closed (possibly empty) sets. If Ls A,, C Li A4, then LiA,, = Ls A, = A is
called the limit of the sequence {A,: n > 1}. Note that Ls A,, = Ls A,, and Li 4,, = Li A,,. Hence, if A is
the limit of {A4,: n > 1}, then A is also the limit of {A4,: n > 1}. If A and all A,,’s are closed and contained
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in a compact subset M C R’ then it is well known that Li A, = Ls A,, = A if and only if {4,: n > 1}
converges to A in the Hausdorff metric topology on J#,(M).

Let (T, X, ;1) be a measure space and {F,,: n > 1}, F : (T, X, 1) = R’ be correspondences. Recall that
F is said to be lower measurable if

F'(V)={teT: Ft)nV #£0} e X

for every open subset V of RY. A selection of F is a single-valued function f : (T, X, u) — R such that
f(t) € F(t) for all t € T. If a selection f of F' is measurable (resp. integrable), then it is called a measurable
(resp. an integrable) selection. Let .#F denote the set of integrable selections of F'. It is well known that a
non-empty closed-valued correspondence F : (T, X, 1) = R’ is lower measurable if and only if there exists a
sequence of measurable selections {f,: n > 1} of F such that for allt € T, F(t) = {fn(t): n > 1}.If all F)s
are non-empty closed-valued, lower measurable and at least one of F),s is compact-valued, then ﬂn>1 F, is
lower measurable, refer to [19]. If all F! s are integrably bounded by the same function, then

Ls/Fnd,ug/Landu and /LiFnd,ugLi/Fnd,u.
T T T T

If (S,.#,v) is another measure space and f : (T, X, u) x (S,.#,v) — R’ is jointly measurable, then it is well
known that [, f(-,-) dp : (S,.#,v) — R* is measurable. Let M C R’ be endowed with the relative Euclidean
topology, and (Y, ¢) be a metric space. A function f : (T, X, u) x M — (Y, o) is called Carathéodory if f(-, x)
is measurable for all x € M, and f(t,-) is continuous for all ¢ € T. It is known that any Carathéodory
function is jointly measurable with respect to the Borel structure on M. The integration of F over T in the
sense of [7] is a subset of R, defined as

T/qu{T/fdu: fEYF}.

If F' is non-empty closed-valued and integrably bounded, then fT F dy is compact, refer to [18, p. 73].
The following special case of the Kuratowski—-Ryll-Nardzewski measurable selection theorem will be used
in this paper. For more general versions of the measurable selection theorem, see [23] or [19].

Theorem 2.1. If F : (T, X, ) — R’ is a lower measurable correspondence with nonempty closed-valued
values, then it has a measurable selection.

3. Differential information economies

In this paper, a model of a pure exchange economy & with differential information is considered. The
space of states of nature is a complete probability measure space (§2, %, v). The space of agents is a measure
space (T, X, 1) with 0 < u(T) < +oo. The commodity space is the /-dimensional Euclidean space R, and
the positive cone Rﬁ is the consumption set for each agent t € T in every state of nature w € (2. Each agent
t € T is associated with her/his characteristics (F,U(t,-,),a(t,-),Q;), where .%; is the sub-o-algebra of
. generated by a partition IT; of {2 representing the private information® of t, U(t,-,-) : 2 x Rﬂ_ —Risa
state-dependent utility function of t and a(t,-) : 2 — Rﬁ_ is the state-dependent initial endowment of t and
Q; is a probability measure on {2 giving the prior belief of t. The economy extends over two time periods
7 = 1,2. At the ex ante stage (7 = 0), only the above description of the economy is a common knowledge.

3 For a recent general study of information sets, refer to Hervés-Beloso and Monteiro [17].
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At the interim stage 7 = 1, agent ¢ only knows that the realized state of nature belongs to the event .7 (w*),
where Z;(w*) is the unique member of II; containing the true state of nature w* at 7 = 2. At the ex post
stage (7 = 2), agents execute the trades according to the contract agreed at period 7 = 1, and consumption
takes place. The coordinate-wise order on R’ is denoted by < and the symbol x > 0 means that z is an
interior point of Rﬁ, and z > 0 means that > 0 but = # 0. Let Ly (u, Rﬂ) be the set of equivalent classes
of Lebesgue integrable functions from T to Rﬁ. An allocation in & is a function f T x 2 — ]RZ such
that f(-,w) € Li(u,RY) for all w € 2. An allocation f in & is feasible if [, f(-,w)dp = [, a(-,w)dy for
all w e £2.
The following standard assumptions on agents’ characteristics shall be used:

(A1) The initial endowment function a : (T, X,u) x (£2,.#,v) — RY is jointly measurable such that
Jra(-,w)dp >0 for each w € £2.

(Ay) U(+,, ) (T, 2, 1) x (2,7 ,v) — R is jointly measurable for all z € RY and U(t,w,-) : R} — R is
continuous for all (t,w) € T x {2.

(As) For each (t,w) € T x 2, U(t,w,-) : Rﬁ_ — R is monotone in the sense that if z,y € Rﬂ_ with y > 0,
then U(t,w,z +y) > U(t,w,x).

(A4) For each (t,w) € T x 2, U(t,w,-): Rﬁ — R is concave.

Remark 3.1. To prove our main result in Section 5, we need a classical existence result of Hildenbrand in [18],
which requires the concavity of utilities. Note that since u(T) < 400, we can decompose T into a disjoint
union of two parts, namely, the atomless part Ty and another part T3 consisting of at most countably many
atoms. In fact, in order to guarantee that the existence result of Hildenbrand in [18] holds, for each w € (2,
we only need the concavity of utility U(t,w, -) for ¢t € T;. But, for the sake of simplicity, for each w € {2, we
assume the concavity of utility U(¢,w,-) for all t € T

Let A be the simplex of price systems in the deterministic case normalized so that their sum is 1, i.e.,
¢
A—{pERf_: p> 0 and th—l}.
h=1

Furthermore, we shall equip A with the relative Euclidean topology and the Borel structure Z(A) generated
by this topology. The budget correspondence B : T x 2 x A = Rﬂ is defined by

B(t,w,p) {x € R <p, (t,w) >}

for all (¢t,w,p) € T x £2x A. Obviously, B is non-empty and closed-valued. For each w € 2, under (A;)—-(Ay),
by Theorem 2 in [18, p. 151], there are p(w) € A and an allocation f(-,w) such that (f(-,w),p(w)) is a
Walrasian equilibrium of the deterministic economy &(w), given by

Ew) = (T, 2, u);RE; (Ut w, ), a(t,w)): t€T).

Define a function § : A — Ry by §(p) = min{p" 1 < h < ¢}, where p = (p',...,p") € A. For any
(t,w,p) €T x 2 x A, let

and
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Define the correspondence X : T'x 2 x A = ]Rﬁ by letting
X(t,w,p)={z eRi: 2 <b(t,w,p)}
for all (t,w,p) € T x £2 x A. Note that X is non-empty, compact- and convex-valued such that B(t,w,p) C
X(t,w,p) for all (t,w,p) € T x 2 x A. It can be verified that for every (t,w) € T x 2, the correspondence
X(tw,): A= Rﬁ is Hausdorff continuous. Define correspondences C, C* : T x 2 x A = Rﬁ by
C(t,w,p) = {y € Rﬁ_: U(t,w,y) 2 U(t,w,z) for all z € B(t,w,p)}
and

C’X(t,w,p) =C(t,w,p) N X(t,w,p).

By (A3), we can derive that b(t,w, p) € C(t,w,p) and thus b(t,w,p) € CX(t,w,p) for all (t,w,p) € Tx 2x A.
Furthermore, it can be easily checked that

B(t,w,p) N C(t,w,p) = B(t,w,p) NC™ (t,w,p)

holds for all (t,w,p) € T x 2 x A. Note that under (Ay), U(t,w,-) is continuous on the non-empty compact
set B(t,w,p). Thus, one has

B(t,w,p) N C(t,w,p) # 0
for all (t,w,p) € T x 2 x A.
Remark 3.2. Under (A3), for any (t,w,p) € T x 2 x A and any x € CX(t,w,p), (p,a(t,w)) < (p,).
Indeed, if (p,zo) < (p,a(t,w)) for some xg € CX (¢, w,p), then we can choose y € R} such that y > 0 and
{p,z0+Yy) < (p,a(t,w)). Thus, zo+y € B(t,w,p). Since xg € CX(t,w,p), one has U(t,w,zo) = U(t,w, zo+y).

However, (Ag) implies U(t,w, zo +y) > U(t,w, xg), which is a contradiction.

Following [8], we call CX (t,w, p) the preferred set of agent t at the price p and state of nature w, and
call fT CX(-,w,p) du the aggregate preferred set at the price p and state of nature w. Moreover, we call

/C’X(-,-,-)al,u:QxA:&R?F
T

the aggregate preferred correspondence.

Remark 3.3. Note that our notations are slightly different from those of Aumann in [8]. In fact, the preferred
set and the aggregate preferred set defined in [8] are equivalent to our sets C(t,w,p) and fT C(-,w,p)dpu,
respectively. But, the preferred set CX (¢,w,p) and the aggregate preferred set fT CX(-,w,p) du defined in
this paper are similar to the sets Dy, (t) and [}, D,(-) dp in [8], respectively. In [8], to define D,(t), Aumann
used the following additional assumption:

(A5) There is an allocation® v such that each agent ’s desire is commodity-wise saturated at v(t).

4 Note that an allocation is called an assignment in [8].
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In this paper, to avoid this assumption, we replace D,(t) and [ Dp(-)dp in [8] with CX(t,w,p) and
Jp C* (-, w, p) dp, respectively.

4. Properties of the aggregate preferred correspondence

In this section, we discuss some descriptive properties of the aggregate preferred correspondence. These
properties will be used to derive the existence of a maximin rational expectations equilibrium in our economic
model.

Proposition 4.1. Under (A1), for every (w,p) € 2 x A, B(,w,p) : (T, X, n) = Rﬂ_ and X (- w,p) :
(T, 2, pn) = Rﬂ_ are lower measurable.

Proof. Here, only the proof of lower measurability of B(-,w,p) is provided. The other case can be done
analogously. Fix (w,p) € £ x A. Define a function h : (T, X, u) x Rﬁ_ — R by letting h(t,z) = (p,z) —
(p,a(t,w)) for all (t,x) € T x RL. Then, h(-,x) is measurable for all z € R%. Note that B(t,w,p) =
h(t,)"'((—o0,0]). Let V C RY be a non-empty open subset of R%, and put VN Q% = {zy: k > 1}. It is
worth to point out that if x € B(t,w, p)NV, then x; € B(t,w,p) for some k > 1. Since h(-, 2,) is measurable,
{t €T: h(t,x) € (—00,0]} € X for all k > 1. Thus,

B(,w,p) (V) = U {t eT: zp € B(t,w,p)}
E>1

= U {t eT: hit,zy) € (_0070]}

k>1

belongs to X. It follows that B(-,w,p) is lower measurable. O
Proposition 4.2. Under (A1)- fT Jdp: 2 x A= ]R is mon-empty compact-valued.

Proof. Fix (w,p) € 2xA. By (As), CX(t,w,p) is non-empty closed for all t € T. By the lower measurability
of B(-,w,p), there exists a sequence {f,: n > 1} of measurable functions from (T, X, u) to R such that
B(t,w,p) = {fn(t): n>1} for all t € T. For each n > 1, define a correspondence C,, : T = R by letting

Cn(t) = {x € Ri: Ult,w,z) > (t w, fo(t ))}

for all t € T. Obviously, one has C(¢,w,p) C ﬂn21 Cp(t)forallt e T.If x € Rﬁ_ \ C(t,w,p) for some t € T,
there exists a point y € B(t,w, p) such that U(t,w,y) > U(t,w, z). By (As), there exists an ng > 1 such that
U(t,w, fn,(t)) > U(t,w,x). This implies that 2 ¢ Cp,(t), and thus C(t,w,p) = (5, Ca(t) for all t € T.
Fix n > 1, and define b : (T, X, u) x RY — R by

h(t,z) = U(t,w, fo(t)) — U(t,w, ).

Clearly, h is Carathéodory. Similar to Proposition 4.1, one can show that C,, is lower measurable. Since
X (-, w,p) is compact-valued and

CX(~,w,p) = ﬂ Cn(r)N X (-, w,p),

n>1

then CX(-,w,p) (T, X)) = Rﬁ is lower measurable. By Theorem 2.1, CX(-,w,p) has a measurable
election which is also integrable, as b(-,w, p) is so. Since C* (-, w, p) is closed-valued and integrably bounded,
Jp C* (- w,p) dp is compact. O
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In [8], the continuity of [.D,(t) in p was proved. As shown in the next theorem, with the help
of Proposition 4.2, we are able to establish the continuity of our aggregate preferred correspondence
Jr CX(-,-,-)dp in p € A with respect to the Hausdorff topology on %(Rﬂ).

Theorem 4.3. Under (A1)~(A3), for eachw € 2, [, CX(-,w,-)dp: A = RY is Hausdorff continuous.

Proof. Fix w € 2. Let {p,: n > 1} C A converge to p € A. Then

c=inf({6(pn): n=1}U{d(p)}) > 0.

For each (t,w) € T x {2, let

and

Define M (w) by
M(w) = {aj eRL: z < T/g(-,w) du}.

Since X (-,w,pp) and X (-,w,p) are bounded from above by &(-,w), then the sets [. C*(-,w,pp) dp and
Jr CX(-,w,p)du are contained in the compact subset M(w) of Rﬁ. Thus, one only needs to show that
{7 CX(-,w,pn) dp: n =1} converges to [, C¥(-,w, p)dp in the Hausdorff metric topology on (M (w)),
which is equivalent to

Li/CX(-,w,pn)du=LS/CX(~,w,pn)d,uz/C'X(-,w,p) dpu.
T T T

The above equation can be verified in two steps. First, one verifies
LS/CX(-,w,pn) dp C /CX(-,w,p) dp.
T T

To do this, it is enough to verify that Ls CX(t,w,p,) € CX(t,w,p) for any t € T. Pick t € T and x €
Ls C*(t,w,p,). Then, there exist positive integers n; < ng < n3 < --- and for each k a point z; €
CX(t,w, pn, ) such that {zx: k > 1} converges to z. It is obvious that z € X (¢,w, p). If z ¢ CX(t,w, p), by the
continuity of U(t,w, -), one can choose some y € Rﬂ such that (p,y) < (p,a(t,w)) and U(t,w,y) > U(t,w,x).
By the Hausdorff continuity of X (¢,w, ), {X (t,w, pn, ): k = 1} converges to X (¢,w, p) in the Hausdorff metric
topology. Since y € X (t,w,p), there exists a sequence {yx: k > 1} such that y, € X (¢,w,py, ) for all k > 1
and {yx: k > 1} converges to y. It follows that U(¢,w,yx) > U(t,w, zx) and (pn, ., Yk) < (Pn,,a(t,w)) for all
sufficiently large k, which is a contradiction with zy € C*(t,w, p,, ) for all k > 1. Therefore, one must have
x € CX(t,w,p). Secondly, one needs to verify

T T
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It suffices to verify that CX(¢t,w,p) C LiCX(t,w,p,) for all t € T. Fix t € T and d € CX(t,w,p). If
d = b(t,w,p), then b(t,w, p,) € CX(t,w,p,) and {b(t,w,p,): n > 1} converges to d. Assume d < b(t,w,p).
Select > 0 such that

d+(0,...,6,...,0) < b(t,w,p),
and a sequence {d;: i > 1} in (0, §] converging to 0. For each i > 1, let
d'=d+(0,...,5,...,0),

and choose a sequence {di: n > 1} such that for each n, d!, € X(t,w,p,) and {di: n > 1} converges to d'.
It is claimed that for each i > 1, di, € CX(t,w,p,) for sufficiently large n. Otherwise, there must exist
an g and a subsequence {di : k > 1} of {di: n > 1} such that di ¢ CX(t,w,py,). Let by € B(t,w,pn,)
and U(t,w,by) > U(t,w,d ) for all k > 1. Then {by: k > 1} has a subsequence converging to some
b€ B(t,w,p). (Az) and (As) imply

Ut,w,b) > Ul(t,w,d®) > U(t,w,d),

which contradicts with d € C*(t,w,p). To complete the proof, note that the previous claim implies that for
each i, {dist(d’, CX(t,w,p,)): n = 1} converges to 0. Since {d’: i > 1} converges to d, one concludes that
{dist(d, CX(t,w,pn)): n > 1} converges to 0. This means that d € LiC*(t,w,p,). O

The next result is crucial for the existence theorem in Section 5. In its proof, the following characterization
of lower measurability of correspondences in [6] is used: A correspondence F : (£2,.%,v) = RY is lower
measurable if and only if for all y € RY, dist(y, F()) : (£2,.#,v) — R, is a measurable function.

Theorem 4.4. Under (A1)~(As), for eachp € A, [, CX(yyp)du: (2, F,v) = Rﬂ 1s lower measurable.

Proof. Fix p € A. Since a and U are ¥ ® .%-measurable and ¥ @ ¥ ® E@(Rﬂ)—measurable respectively,
by the argument of a result in [27, p. 131], there exist two sequences {a,: n > 1} and {¢,: n > 1} of
Y ®.Z-measurable and X' @ . @ # (Rﬁ)—measurable functions respectively such that {a,: n > 1} uniformly
converges to a on T' X 2 and {¢,,: n > 1} uniformly converges to U on T x {2 X Rﬁ. For each n > 1, write
an and Y, as

anZE eiXtrxop and Zﬁn:g ViXTP x 27 x BP s

i>1 i>1
where e; € Rﬂ_, v, € R, and {T]" x 20" x B ¢ > 1} is a partition of T' x {2 x Rﬂ for all n > 1. Choose

N > 1 such that |, —allc <1 for all n > N. By the measurability of a,(-,w), a,(-,w) € L1(u,RY) for all
w € 2 and all n > 1 (replacing a,, for all 1 < n < N by some constant functions, if necessary). Let

and

by (t,w) = ('yn(t,w), .. ,’yn(t,w)).

Define X,,, By, Cy, : T x 2 =% R, such that X, (t,w) = {z € R{: z < by(t,w)},
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By (t,w) = {z € R%: (p,x) < (p,an(t,w))}
and
Cp(t,w) = {y € Rﬂ: Un(t,w,y) = Yp(t,w,z) for all z € Bn(t,w)}.
In addition, define C;X : T' x 2 = R such that for all (t,w) € T x £2,
CX(t,w) = (Cr(t,w) U {by(t,w)}) N Xn(t,w).

For every n > 1, define the correspondence H,, : (2,.#,v) = Li(u,R%) by letting H,(w) = FOX (w)-
Obviously, H, (w) # 0 for all w € (2.

Claim 1. For each n > 1, H, is lower measurable. For convenience, let © : Ly (u,RY) x 2 — Ry be
the function such that ©(g,w) = dist(g, Hy(w)) for all g € Li(,R%) and w € £2. To verify the claim,
one needs to verify that for all g € Li(u,R%), O(g,-) is measurable. Since O(-,w) : Li(p,RL) — Ry is
norm-continuous, it suffices to show that O(g,-) : (£2,.%#,v) — R, is measurable for every simple function
g = >, TjXT,, Where z; € RY . To this end, consider the function I' : (T, X, n) x (£2,.#,v) — R, such
that I'(t,w) = dist(g(t), CxX (t,w)) for all (t,w) € T x (2. Since I is constant on each (T]* NT}) x 027,
it is jointly measurable. Note that I'(t,w) < [|g(t) — by (t,w)]| for all (t,w) € T x 2. This implies for all
w € 2, I'(,w) is integrable. Thus, O(g,-) is measurable and Claim 1 is verified if one shows for all w € {2,
Jr (- w)dp = O(g,w). Assume [ I'(-,wo) dpu < O(g,wp) for some wy € 2. Pick € > 0 such that

[ D) dua - 2ulT) < O(g,0).
T

Further, pick ¢t € T/* NT; and y(; j) € C (t,wo) so that
2 = Y@l < T'(t,wo) +e.

Define ¢ : T — R by ((t) =y for all t € T/ NTj. Then, ¢ € Hy(wp) and

lg—Clh < / I(-yw0) dpt + ep(T),
T

which is a contradiction.

Claim 2. The correspondence [, CiX () dp : (2,7 ,v) = RY is lower measurable. Consider the function
&: Ll(,u,]Rf_) — Rﬂ defined by £(f) = fT fdup forall fe Ly (,u,]Rﬂ_). Let V' be an open subset of Rﬁ. Note
that

€0 Hy(w) =/off<-,w>du

for all w € {2, and
(EoHy) N V) ={we 2 Hy(w)n& (V) £0}.

Since ¢ is norm-continuous, by Claim 1, (€ o H,,)~1(V) € .#. This verifies the claim.
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Claim 3. For each w € (2,

To see this, for each w € 2, put

14 14
al,w) =sups b1 (-, w),...,by_1(-,w), b(-, w, —|—<—,...,—>}.
() = sup{ b by b + (50550
Then, C¥(-,w,p) and all CX(-,w) are bounded from above by a(-,w). Now, it suffices to verify that for
allt e T,

LsCX(t,w) C C*(t,w,p) and CX(t,w,p) CLiCX(t,w).

First, let # € Ls CX (t,w). If x = b(t,w, p), then {b,(t,w): n > 1} converges to z and b, (t,w) € CX(t,w) for
all n > 1. Otherwise, there exist positive integers n; < ny < ng < --- and for each k a point x) € Cffk (t,w)
such that {z): k > 1} converges to x. Obviously, z, # by, (¢, w) for all sufficiently large k, and = € X (¢,w, p).
If ¢ CX(t,w,p), there exists some y € B(t,w,p) such that U(t,w,y) > U(t,w, ). By the continuity of
U(t,w,-), y can be chosen so that (p,y) < (p,a(t,w)). Since {X,, (t,w): k > 1} converges to X (¢,w,p) in
the Hausdorff metric topology, there exists a sequence {yi: k > 1} such that y, € X, (t,w) for all k > 1
and {yx: k > 1} converges to y. By the inequality

’U(t,w,m) - wnk(t,w,xk)‘ <|Ut,w,z) - U(t,w,xkﬂ + |U(t,w, zk) — ¥, (t,w, k)

)

the continuity of U(¢,w, ) and the uniform convergence of v, (t,w,-) to U(t,w, ), one concludes that

wnk(tvwvyk) > wnk(t7w7xk) and <p7 yk:) < <p7 Any, (t,w)>

for sufficiently large k, which contradicts with the fact that zp € Cffk (t,w) for all k > 1. Hence, = €
CX(t,w,p). Now, let d € CX(t,w,p). If d = b(t,w, p), there is nothing to verify. Thus, d € LiC/X(t,w).
Assume d < b(t,w, p). Similar to that in the proof of Theorem 4.3, one can show that d € Li C;X (t,w).

To complete the proof, for each w € 2, put

M(w) = {x eRL: 2 < T/a(~,w)du}.

Clearly, [,CX(-,w)dp and [,C*(-,w,p)dp are contained in the compact set M(w). By Claim 3,
{7 CX(-,w)dpu: n > 1} converges to [, C¥(-,w,p)du in M(w) in the Hausdorff metric topology. It is
well known that a nonempty compact-valued correspondence is lower measurable if and only if it is mea-
surable when viewed as a single-valued function whose range space is the space of nonempty compact sets
endowed with the Hausdorff metric topology. By Claim 2, fT CX(-,-,p) du is lower measurable. O

Corollary 4.5. Under (A1)~(As), [ CX (-, ) du: (02,.7,0) x (A, B(A)) — A (RY) is a jointly measurable
function, where %(Rﬂ) is endowed with the Hausdorff metric topology.

Proof. By Theorem 4.3, for every w € (2, fT CX(w, )du : A — %(Rﬁ) is continuous. Furthermore,
by Theorem 4.4, for every p € A, the correspondence fT CX(-y,p)du : (2,2,v) = Rf_ is lower mea-
surable. Hence, for every p € A, [[,CX(-,p)du : (£2,X,v) — J(RY) is measurable. This means that
Jp CX (o) dp s (2,7 ,v) x (A, B(A)) — Ho(RE) is Carathéodory, and therefore is jointly measurable. O



40 A. Bhowmik et al. / J. Math. Anal. Appl. 414 (2014) 29-45

5. Maximin rational expectations equilibrium

A price system of & is a measurable function 7 : (£2,.%,v) — A. Let o(n) be the smallest sub-algebra of
Z such that 7 is measurable and let 4, = %#; Vo (7). For each w € (2, let %, (w) denote the smallest element

of ¥, containing w. Given t € T, w € §2 and a price system 7, let BF¥E(t,w, 7) be defined by
BEFE(t w ) ={z € (Rf_)nz z(w') € B(t,w',m(w')) for all W’ € (w)}.

The maximin utility of each agent ¢t € T with respect to % at = : 2 — Rﬂ in state w € {2, denoted by
QREE(t,oJ, x), is defined by

REE _ . / /
Ut wa) = inf Ut 2(w)).

Comparing with UFE (¢, ...), the function U(L,-,-) is sometimes called the ez post utility of agent .

Remark 5.1. The maximin utility formation in the sense of REE was introduced by de Castro et al. in [13],
where {2 is finite. In this case, for each t € T, II; is a partition of {2 consisting of only finitely many elements
and o(m) is generated by a partition IT, also consisting of only finitely many elements. Thus, the o-algebra
4, = F; V o(r) is generated by the partition IT; V IT;. For each w € 2, there exists a unique element % (w)
in IT; V IT; containing w. It is clear that ¥;(w) is the smallest element of &; containing w. Moreover, since
%, (w) is a finite set, UM (t,w, z) is well-defined.

In our case, {2 is fairly general, particularly, can be infinite. The structure of o(m) can be complicated. If
{2 is infinite, o(7) may not be generated by a partition. But, for each w € {2, there always exists a (unique)
smallest element in o(7) containing w. This means that there also exists a (unique) smallest element %;(w)
in ¢ containing w. Since % (w) can be infinite, U (t,w, z) is allowed to take the value —oo if the above
infimum does not exist. This adaptation will not affect the proof of Theorem 5.5 below.

Definition 5.2. (See [13].) Given a feasible allocation f and a price system 7, the pair (f,n) is called a
mazximin rational expectations equilibrium (abbreviated as maximin REE) of & if f(t,w) € B(t,w, 7(w))
and f(t,-) maximizes U™ (t,w,-) on BRFE(t,w,m) for all (t,w) € T x 2. In this case, f is called a
mazximin rational expectations allocation, and the set of such allocations is denoted by MREE(&).

Let x : 2 — Rﬁ be ¥;-measurable. Recall that the Bayesian expected utility of agent ¢ with respect to
&, at x is given by E®[U(¢t,-,2)|%]. When (2 is finite, 4, is generated by the partition IT; VV IT,. Then,

t B . , (W)
EX Ut al#]w) = 3 Ut a@) % o

w' €IV (w)
where IT; V I (w) is the unique member of IT; V II, containing w.

Definition 5.3. (See [1,26].) Given a feasible allocation f and a price system 7, the pair (f,7) is called a
Bayesian rational expectations equilibrium (abbreviated as Bayesian REE) of & if

(i) for each t € T', f(t,-) is ¥;-measurable;
(ii) for all (t,w) € T x 2, (f(t,w), 7(w)) < {(a(t,w), 7(w));
(iii) for all (t,w) € T x £2,

EQ: [U(t, - f(e, w)) |§¢t] (w) = max EQ: [U(t7 . x)|%} (w),

r€BREE (t,w,m(w))NLEFE
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where LI®¥ is defined by
LREE { € (Re ) D xS %-measurable}.

Remark 5.4. Definition 5.2 indicates that at a maximin rational expectations allocation, each individual
maximizes his maximin utility conditioned on his private information and the information generated by the
equilibrium prices, subject to the budget constraint. Definition 5.3 indicates that at a Bayesian rational ex-
pectations allocation, each individual maximizes his Bayesian utility conditioned on his private information
and the information generated by the equilibrium prices, subject to the budget constraint. The resulting
equilibrium allocations are measurable with respect to the private information of each individual and also
with respect to the information the equilibrium prices generate. For detailed discussions on relations and
comparison between Bayesian REE and Maximin REE, refer to [13].

It is well known that a Bayesian rational expectations equilibrium may not exist. It only exists in a
generic sense and not universally. Moreover, it fails to be fully Pareto optimal and incentive compatible and
it is not implementable as a perfect Bayesian equilibrium of an extensive form game, see [15]. In [13], de
Castro et al. showed that MREE(&) # () when {2 and T are finite. Our next theorem extends their result
to a more general case.

Theorem 5.5. Under (A1)—(A4), MREE(&) # 0.

Proof. Consider the correspondence Z : (2,.%,v) x (A, Z(A)) = R* defined by

Zw.p) = [ X top)dn [atw)d

T T

By Proposition 4.2, Z is non-empty compact-valued. In addition, by Theorem 4.3, Z is also Hausdorff
continuous in p. By Corollary 4.5 and (A4), Z : (2,.7,v) x (A, B(A)) — #(RY) is jointly measurable.
Define another correspondence F : (2, #,v) = (A, B(A)) by

—{peA: Z(w,p)n{0} £0}.

Note that &(w) has a Walrasian equilibrium for each w € (2. This implies that F is non-empty valued.
Furthermore, by Hausdorff continuity of Z(w, -), F' is also closed-valued. Since Grp = Z~1({0}), then Grp €
F @ B(A). By Theorem 8.1.4 in [6],” F is lower measurable. By Theorem 2.1, there exists a measurable
selection 7 of F. By the definition of Z, there exists an allocation f such that f(t,w) € CX (¢, w, #(w)) and
Jr fCw)dp = [ a(-,w)dp for all (t,w) € T x 2. Remark 3.2 implies that (7(w), f(t,w)) > (7(w),a(t,w))
for all ( ,w) €T X (2. It follows that (7 (w), f(t,w)) = (f#(w),a(t,w)) for p-a.e. t € T and all w € 2. Thus,
flt,w) € B(t,w, #(w)) for p-a.e. t € T and all w € £2. For every w € {2, define T,, C T by

T,={teT: f(t,w) € B(t,w,#(w)) NC(t,w,7(w))}.

Then, pu(T,) = w(T) for all w € 2. Next, for every w € §2 and every t € T \ T, as B(t,w, & (w)) N
C(t,w,#(w)) # 0, one can pick a point

h(t,w) € B(t,w,fr(w)) N C’(t,w,ﬁ(w)),

5 This is the only place in this paper where the completeness of (2, #,v) is required.
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and then define a function f T x 2 — ]Rﬁ such that

f(aw):{f(t,w), e T
h(t,w), ifteT\T,.

It is obvious that f(t,w) € B(t,w, #(w)) N C(t,w,#(w)) for all (t,w) € T x 2. Assume that there are an
agent to € T, a state of nature wy, € 2 and an element y(to, ) € BEFE(ty, w;,, #) such that

QREE (t07 Wty s y(t07 )) > QREE (to, Wty s f(to, )) .
Then, one obtains
U(th wzlto ) y(t()v wt/to)) > U(t()v wt/toa f(th wéo))

for some w;, € ¥, (wy,), which contradicts with f(to,w,’fo) € C(to,wy,, T(w,)). This verifies that (f,#7)is a
maximin rational expectations equilibrium of &. O

Remark 5.6. In this remark, we explain how our maximin utility is related to that of Gilboa and Schmeidler
n [14], and whether Theorem 5.5 can be extended to the framework of Gilboa and Schmeidler. For any
SeZ let Fs={FNS: Fec.F}. The set of beliefs of agent ¢ at state w is defined by

A% (w)) = {v : Fy,(w) — [0,1]: v is finitely additive and v (%, (w)) = 1}.

First, we claim that for any .%#-measurable function z : % (w) — Rﬁ,

. / !/ _ 3 . .
inf U(t,w, z(w)) = VeAl(I(lgﬁ(w)) / U(t,- () dv.

w!' €9 (w)
@i (w)
For convenience, we put
a= inf U(t,w' z(w)) and b= i / dv.
w’' €94 (w) UEA({%(&)))
Since a < U(t,w’, z(w’)) for all ' € 4, (w), for any v € A(¥,(w)), we have a < fg U ,x(+)) dv. This fur-

ther implies a < b. If a < b, then we choose some ¢ with a < ¢ < b. Define A = {w € gt( ) Ut,w',z(w)) €
(a,c)}. From the definition of a, the set A is non-empty. By (Az), A € Fy,(,). Choose vy € A(F g, ()
such that vp(A4) = 1 and vp(%(w) \ A) = 0. Thus, f%(w) U(t, - x(-))dvy <b. Thls is a contradiction, which
verifies the claim. Therefore, in our model, the maximin utility can be re-formulated as

URFE(t v x) = inf / Ul(t,-,z(-)) dv

vEA(Y, (w))
G (w)

under the .%-measurability assumption of z. Once we realize this, then we can see how Theorem 5.5 can be
further extended to the framework of either maxmin expected utility in [14] or variational representation of
preferences in [24] under the same assumption. Indeed, if we define

REE _ . .
Q (t,w,x) _ulél;( / U(ty 7$( )) dl/y
Gy (w)
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as the maximin utility function, where K is any non-empty, closed and convex subset of A(%4;(w)) as in
Gilboa and Schmeidler [14], then Theorem 5.5 still holds. To see this, we only need to verify the last part
of the proof of the theorem. Suppose there are an agent ¢ty € T, a state of nature w;, € {2 and an element
y(to,-) € BEFE(ty,wy,, 7) such that

QREE (t()thov y(t(b )) > QREE (t07 wtovf(t()v ))

Then, we can find a vy € K such that

/ U(t()a'ay(t();')) dVO > / U(th'af(tO")) dVO-

gto (Wto) gto (Wto)

So, there exists a B € Fg, (u,,) With vo(B) > 0 such that

U(th wzlfoa y(t()a wi/to)) > U(t()a wi/toa f(t(h w;o))
for all wi € B, which contradicts with f(to, wi,) € C(to,w},, T(wi,)). The other case can be verified similarly.

6. Conclusion

The first application of maximin expected utilities to the general equilibrium theory with differential
information appeared in [11], where an existence theorem for a Walrasian equilibrium in an economy was
established. However, their MEU formulation is in the ex ante sense, and REE notion was not considered.

It is well known that Walrasian expectations equilibrium may not exist in a differential information
economy with Bayesian expected utilities and infinitely many states, see Podczeck et al. [25]. With infinitely
many states, Herves-Beloso et al. [16] showed equilibrium existence assuming that the finitely many agents
observe a public and a private signal. The publicly observed signal may take infinitely many values but
private signals only take finitely many values. That is, the asymmetries among agents’ information affect
only a finite number of states. The major difference between the model in [16] and ours is that our allocations
are not privately measurable, comparing with that in the case of Walrasian expectations equilibrium. Hence,
we restrict our attention only on the ex-post utility (that is, we are in a finite dimensional commodity
space framework) in Section 4. Later, we use the results obtained in Section 4 to prove the existence
theorem in Section 5. Note that the equilibrium prices are .#-measurable and thus, we need the results in
Section 4 to establish the existence theorem. But, in the case of Walrasian expectations equilibrium, we
deal with privately measurable allocations and if there are infinitely many states, then we are in an infinite
dimensional commodity space framework. Thus, our analysis cannot be used to extend the existence of
Walrasian expectations equilibrium in [16] to a differential information economy with Bayesian expected
utilities and infinitely many states of nature.

Comparing with the existence result on maximin REE in [13], our theorem applies to a more general
economic model with an arbitrary finite measure space of agents and an arbitrary complete probability
measure space as the space of states of nature, while the later applies only to an economic model which has
finitely many agents and finitely many states of nature. The assumptions in our paper are similar to those
in [13], except the joint measurability and continuity of utility functions, and the joint measurability of the
initial endowment function. The proof techniques in this paper are quite different from those in [13]. Since
there are only finitely many agents and states of nature in the model considered in [13], neither measurability
nor continuity of utility functions and the initial endowment function plays any role in the proof of the
existence of a maximin REE. Instead, the existence of a competitive equilibrium for complete information
economies is applied. In contrast, both measurability and continuity of utility functions and the initial
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endowment function play key roles in this paper. To establish the existence theorem, techniques in [8] are
adopted, measurability and continuity of the aggregate preferred correspondence are investigated. However,
for special cases, the techniques can be simplified. For instance, if there are finitely many states of nature,
one can still apply the approach employed in [13] and obtains an existence theorem. On the other hand, if
there are finitely many agents, then one can show that the demand of each agent is &% ® %(A)-measurable
and so is the aggregate demand. Then, an approach similar to that in the proof of Theorem 5.5 can be
applied to establish the existence theorem. Further, since the space of states of nature in our model is an
abstract probability space, our existence theorem does not depend on the dimension of the space of states
of nature.

In [9], Bhowmik and Cao used appropriate notions of properness to characterize Warasian expectations
allocations in infinite dimensional commodity spaces. It would be interesting to known if those notions of
properness can also be used to provide similar characterizations of maximin REE allocations in infinite
dimensional commodity spaces. Recently, a general model of trade ex ante with differential information and
uncertain delivery, in which there are finitely many agents and finitely many states of nature, was studied
by Correia-da-Silva and Hervés-Beloso in [12], and the existence of equilibrium is established. It would also
be interesting to see whether the techniques in this paper can be used to extend the existence of equilibrium
in [12] to the framework of infinitely many agents and infinitely many states of nature.
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